In this work, the pion-induced f 1 (1285) production off a nucleon target is investigated in an effective Lagrangian approach with an interpolating Reggeized treatment in a large range of the pion-beam momentum from threshold up to several tens of GeV. The s-channel, u-channel, and t-channel Born terms are included to calculate production cross sections. An interpolating Reggeized treatment is applied to the t channel, which is found to be important to reproduce the behavior of the existent experimental total cross sections at both low ( 8 GeV) and high pion-beam momenta ( 8 GeV). It is found that the t-channel contribution is dominant in the pion-induced f 1 (1285) production at low beam momentum and still dominant at very forward angles at high momentum. The interpolated Reggeized treatment of the u channel is also discussed. The u-channel contribution is small and negligible at low momentum, and it becomes dominant at backward angles at momenta higher than 10 GeV. The differential cross sections are predicted with the model fixed by the fitting existent experimental data. The results are helpful to the possible experiments at J-PARC and COMPASS.
I. INTRODUCTION
The light meson is an important topic in hadron physics. The large nonperturbative effect in the light meson makes it relatively difficult to explore its internal structure. Due to the same reason, it is a wonderful place to study nonperturbative QCD. Though great progress has been achieved in the study of light meson spectroscopy during the last few decades, the internal structure of the light meson is still unclear, such as the debates about the σ(500), a 1 / f 1 (980), κ, and f 1 (1285) [1] . Hence, many large experimental facilities will be working in this research area, such as LHCb, BelleII, and the CEBAF 12 GeV. In particular, a new detector GlueX has been installed at CEBAF after the 12 GeV upgrade, which will focus on the light meson study with electron or photon beams [2] . Like the light meson photoproduction off the nucleon, the pioninduced light meson production is also an important way to study the internal structure of the light meson. This process is accessible at J-PARC [3] and COMPASS [4] with high-energy secondary pion beams, which provide a good opportunity to study the light meson combined with the high-luminosity experiment at CEBAF with an electromagnetic probe.
Among the light mesons, f 1 (1285) attracts much attention. Its internal structure has been studied for many years and is a long-standing problem. The Patrignani et al. (PDG) lists f 1 (1285) as an axial-vector state with quantum number I G (J PC ) = 0 + (1 ++ ) [5] . It has been suggested as a dynamically generated state produced from the KK * interaction in the literature [6] [7] [8] . In recent years, many XYZ particles were observed in the charmed and bottomed sector, such as X(3872), Z c (3900), Z c (4025), Z c (10610), and Z c (10650) [9] [10] [11] [12] . f 1 (1285) and these XYZ particles are close * xywang@lut.cn † Corresponding author : junhe@impcas.ac.cn to the KK * /DD * /BB * thresholds, respectively. The similarity in three flavor sections suggests that these particles are from the corresponding hadron-hadron interactions, which is supported by explicit calculations in the one-boson-exchange model [13] [14] [15] [16] [17] [18] . In particular, f 1 (1285) is the strange partner of the X(3872) as S-wave hadronic molecular states from the KK * and DD * interactions, respectively [13] . Compared with the XYZ particles in charmed and bottomed sectors, f 1 (1285) is quite far from the KK * interaction. Hence, more investigation of f 1 (1285) in different production processes may provide more helpful information to confirm the molecular state interpretation of f 1 (1285). Recently, the f 1 (1285) meson was studied at CLAS in photoproduction from a proton target, and its decay pattern was extracted from high-precision data [19] . A nucleon resonance of a mass of about 2300 MeV was suggested in the analyses [19, 20] . However, a calculation with an interpolated Reggeized treatment suggests that the experimental cross section can be well reproduced without nucleon resonance included [21] . To check different models, an experimental study of pion-induced production process will be helpful.
Until now, there only exist some old experimental data and no explicit theoretical study of those data can be found in the literature to our knowledge [22] [23] [24] [25] [26] . Furthermore, it is promising to launch new measurements of the pion-induced f 1 (1285) at J-PARC and COMPASS. Hence, it is interesting to analyze the pion-induced f 1 (1285) production based on the old data in an effective Lagrangian approach to provide helpful predictions for the future experiment. Because the exisiting data scatter from near threshold to serveral tens of GeV, we will introduce the interpolating Reggeized treatment in the t channel as in the f 1 (1285) photoproduction to reproduce the data at both low and high beam momentum [27] . The t channel and u channel usually correspond to the enhancement at forward and backward angles, respectively [28, 29] . The only existing data of the differential cross section are at very forward angles [23] , which can be used to determine the t-channel contribution. From the previous studies, the uchannel contributions will become more important at higher beam momentum [28, 29] . The u channel's contribution was found to be essential to interpret the behavior of the differential cross section of photoproduction [21] . Hence, in this work, we will consider the u channel as well as t and s channels to calculate the behavior of the pion-induced f 1 (1285) production in a large range of the beam momentum. It can be expected that the Born s channel is negligible. Since the experimental data are very crude and information about the coupling constant is lacking, the s-channel nucleon resonance is not included in the current work as in the f 1 (1285) photoproduction [21] to keep model simplified.
This paper is organized as follows. After the Introduction, we present the formalism including Lagrangians and amplitudes of pion-induced f 1 (1285) production in Sec. II. The numerical results of cross sections are presented in Sec. III and compared with the existing data. Finally, the paper ends with a summary.
II. FORMALISM

A. Lagrangians
The basic tree-level Feynman diagrams for the π − p → f 1 (1285)n reaction are depicted in Fig. 1 . These include tchannel a 0 (980) (≡ a 0 ) exchanges s and u channels with intermediate nucleon. As shown by PDG [5] , the main two-body decay of f 1 (1285) (≡ f 1 ) is the a 0 π channel. Hence, only the a 0 exchange is included in the t channel.
For the t-channel a 0 exchange, one needs the following Lagrangians [30] [31] [32] 
where N, f 1 , a 0 , and π are the nucleon, f 1 (1285), a 0 (980) and π meson fields, respectively. The coupling constant g f 1 a 0 π is determined from the decay width
where p c.m. π is the three-momentum of the pion in the rest frame of the f 1 meson. By taking the value at PDG as Γ f 1 →a 0 π ≃ 8.71 MeV [5] , one gets a value of the coupling constant g f 1 a 0 π ≃ 4.53. The coupling constant g a 0 NN was not well determined in the literature [30, 31] . In the current work, we will take g a 0 NN as a free parameter. For the tchannel a 0 meson exchange, the general form factors
are taken into account in this work and the cutoffs are taken as the same one for simplification. Here, q a 0 and m a 0 are the four-momentum and mass of the exchanged a 0 meson, respectively.
To calculate the amplitude of the s-channel nucleon exchange, we need relevant Lagrangians. For the πNN interaction vertex we take the effective pseudoscalar coupling [33] 
where τ is the Pauli matrix, and g 2 πNN /4π = 12.96 is adopted [34, 35] .
The Lagrangian of the f 1 NN coupling reads [36] ,
where g f 1 NN = 2.5 will be taken as discussed in Ref. [37] .
Since the value of κ f 1 was determined by fitting the CLAS data in our previous work [21] , κ f 1 = 1.94 is adopted in this paper. For the s and u channels with intermediate nucleons, we adopt the general form factor to describe the size of the hadrons [38] ,
where q N and m N are the four-momentum and mass of the exchanged nucleon, respectively. Since the s-wave contribution is usually very small, we take Λ s = Λ u . The values of cutoffs Λ s , Λ u and Λ t will be determined by fitting experimental data.
The scattering amplitude of the π − p → f 1 (1285)n process can be written in a general form of
where
is the polarization vector of the f 1 meson andū or u is the Dirac spinor of the nucleon.
The reduced amplitudes A i,µ for the s-, t-, and u-channel contributions read
2 are the Mandelstam variables.
C. Interpolating Reggeized t channel
In this work, we will consider a large beam-momentum range from threshold to several tens of GeV. To describe the behavior of the hadron production at high momentum, the Reggeized treatment should be introduced to the t channel [39] [40] [41] [42] [43] . The Reggeized treatment for t-channel meson exchange consists of replacing the product of the form factor in Eq. (9) as
.
The scale factor s scale is fixed at 1 GeV. In addition, the Regge trajectories α a 0 (t) read as α a 0 (t) = −0.5 GeV 2 + 0.6t [38, 40] . To describe the behavior of the cross sections at both low and high beam momentum, an interpolating Reggeized treatment will be adopted to interpolate the Regge case smoothly to the Feynman case, which has been successfully to applied to several photoproduction processes [27] [28] [29] [42] [43] [44] . The interpolated Reggeized form factor can then be written as
where R (s, t) = R s (s) R t (t), with
where s R and t R are the centroid values for the transition from non-Regge to Regge regimes while s 0 and t 0 describe the respective widths of the transition regions. The four parameters will be fitted to the experimental data. The Feynman-type u channel will be adopted first in the fitting procedure, and the Rggeized treatment of the uchannel will be discussed in Sec. III C
III. NUMERICAL RESULTS
With the preparation in the above section, the differential cross section of the π − p → f 1 (1285)n reaction will be calculated and compared with the experimental data [22] [23] [24] [25] [26] . The differential cross section in the center-of-mass (c.m.) frame is written as
where s = (k 1 + p 1 ) 2 , and θ denotes the angle of the outgoing f 1 (1285) are the three-momenta of the initial π beam and final f 1 (1285), respectively. The experimental data for the π − p → f 1 (1285)n reaction will be fitted with the help of the minuit code in cernlib.
The interpolating Reggeized treatment is adopted to reproduce the cross section in a beam-momentum region from threshold to several tens of GeV considered in the current work. However, four additional free parameters will be introduced in such treatment. If we recall that at higher beam momenta, the Reggeized t-channel contribution is dominant, the two parameters t R ad t 0 can be determined with the t distribution at a certain beam momentum. Fortunately, there exist experimental data of the t distribution at beam momentum in the laboratory frame P Lab = 12−15 GeV [23] . Hence, we first study t distribution and determine t R and t 0 before making a full fitting of all the data points that we collected.
t R and t 0 can be determined by the t distribution because other parameters only affect the s dependence at high beam momenta. Because the experimental data in Ref. [23] are at a very high beam momentum, one can safely assume that R s (s) ≈ 1. Hence, one minimizes the χ 2 per degree of freedom (d.o. f.) for the total cross section and the t distribution of the experimental data at P Lab = 12 − 15 GeV by fitting parameters, which include two parameters for the Regge trajectory t 0 and t R . In Ref [23] , the t distribution is given by the event not the differential cross section, so a scale parameter should be introduced, which can be related to the coupling constant g a 0 NN with the total cross section which was given in the same Ref. [23] (the total cross section is obtained only by continuation of the t-channel contribution at very forward angles). The cutoff Λ t is also involved through Eq. (12) . Hence, in the calculation we have four parameters as listed in Table I . The fitted values of the free parameters are listed in Table I , with a reduced value of χ 2 /d.o. f. = 0.89. The best-fitted results are presented in Fig. 2 . It is found that the experimental data of the t distribution for the π − p → f 1 (1285)n reaction are well reproduced in our model. Here, we also present the bestfitted results with a pure Feynman model. It confirms that at high beam momentum, the results with a Feynman model deviate from the experimental data obviously, and the Reggeized treatment is essential to reproduce the t-slope. To show the effect of the interpolating switching function R t (t) more clearly, in Fig. 3 we present the results with the values of parameters in Table I . One can see that R t (t) is close to 1 at a small value of −t, which indicates that the contribution of pure Reggeized treatment plays a dominant role at high beam momentum in the π − p → f 1 (1285)n reaction. Table I .
Now we would like to give some discussions about the above results. At low beam momentum, the R s (s) is very small, which leads to a very small R(s, t). Hence, the effect of R t (t) should be small at low beam momentum and becomes more important at high momentum where R(s, t) → R t (t). At high beam momentum, the t-channel contribution is usually dominant at very forward angles. At medium and backward angles the u-channel contribution becomes more important.
The t R of 1.9 GeV 2 in the π − p → f 1 (1285)n reaction suggests that at very forward angles the R(t) is close to 1. Considering that only a few available data points exist, we will assume R(t) = 1 in the following calculation to reduce the number of free parameters. It is reasonable because only the results at a medium angle will be slightly affected where the differential cross section is usually very small.
B. Cross section of π
In this subsection, we will fit all the data we collected as shown in Figs. 2 and 4 , which include four data points of the total cross section at low beam momentum, three data points of the total cross at high beam momentum, and four data points of the t-distribution at 12-15 GeV [22] [23] [24] [25] [26] . It should be mentioned that the three data points of the total cross section at high beam momentum are obtained by continuation of the t-channel contribution at very forward angles to all angles, so we will fit these three data points only with the t-channel contribution because the u-channel contribution is negligible at forward angles and dominant at backward angles. For the three data points at low beam momentum, both t and u channels will be included. It will be found later that the s-channel contribution is negligible, as usual. We minimize χ 2 per degree of freedom by fitting five parameters s 0 , s R , Λ t , Λ u and g a 0 NN using a total of 11 data points at the beam momentum P Lab from 2 to 40 GeV as displayed in Fig. 4 . Here, R(t) has been assumed to be 1 as discussed above. As observed in Fig. 4 , at p Lab = 3.95 and 4 GeV, there exist two data points, which are quite different from each other. Because the beam momenta of these two data points are very TABLE II. Fitted values of free parameters with all 11 data points in Refs. [22] [23] [24] [25] [26] . close, it is difficult to interpret them as a physical structure. We present the results by fitting with both data points at a beam momentum of about 4 GeV (Fit I), the results with a higher momentum (Fit II) and the results with a lower momentum (Fit III). The results suggest that the higher data point is difficult to reproduce in three fits, whose results are close to each other and support the lower data point. The fitted parameters are listed in Table II , and the values of the coupling constant g a 0 NN and cutoff Λ t are close to those in Table I . We also present the results of the usual Feynman case [R(s, t) = 0] and Regge case [R(s, t) = 1] in Fig. 4 , which show that the experimental data of the total cross section of the π − p → f 1 (1285)n reaction cannot be reproduced using the Feynman model alone, even with the traditional Reggeized treatment. The interpolating Reggeized treatment is essential to reproduce the total cross section at both low and high beam momenta.
In Fig. 5 , we present the explicit results with Fit I. The results show that the experimental data of both the total and t distribution can be well reproduced in our model. The tchannel contribution is dominant at p lab up to about 20 GeV. The u-channel contribution is negligible compared with the t-channel contribution at low beam momenta, but becomes more important and exceeds the t-channel contribution at a beam momentum of about 30 GeV. The u-channel contribution can be seen more clearly in the differential cross section as shown in Fig. 6 . The t and u chan- nels appear at forward and backward angles as expected. At low beam momentum, the differential cross section is dominated by the t channel at a large range of the angles, whose contribution decreases with the decrease of the cos θ. At momenta lower than about 3 GeV, the t channel is more important than the u channel even at extreme backward angles. At the beam momenta higher than about 3 GeV, the u channel becomes more and more important with the increase of the beam momentum. At a beam momentum of 20 GeV, though the total cross section is still mainly from the t-channel contribution, the u channel is dominant even at medium angles while the t channel is only dominant at very forward angles. The results of the three fits are also presented in Fig. 6 . The discrepancy of the differential cross sections of three fits is small at most beam momenta.
C. Reggeized u-channel contribution
In the above calculation, the Reggeized treatment is applied to the t channel, but not to the u channel. Physically, the u channel can be seen as a t channel with the final particles interchanged. Hence, the Reggeized treatment should be adopted in the u channel, and as in the t channel the interpolated treatment is needed to connect the Regge case at high beam momentum smoothly to the Feynman case at low beam momentum [45, 46] . Since the experimental data at high beam momenta are only obtained from the t-channel contribution, the fitting procedure in the above is not affected by the inclusion of the interpolated Reggeized u-channel contribution, whose contribution at low beam momentum is just the Feynman type that we adopted in the above fitting procedure. However, the different treatment of the u channel will affect prediction of the cross section at a high beam momentum, which will be discussed in this subsection.
The Reggeized treatment for u-channel baryon exchange consists of replacing the form factor F u (u) in Eq. (10) as
. (15) The scale factor s scale is fixed at 1 GeV. In addition, the Regge trajectories α N (u) read [47] α N (u) = −0.34 GeV 2 + 0.99u.
The interpolating can be applied to the u channel analogously to the t channel by replacing t with u. It is reasonable to assume that the Reggeized treatment begins to exhibit its effect at the same value of beam momentum for both the t channel and s channel. So, we adopt the same parameters in the interpolating treatment for the t channel as those for the s channel. As said above, the fitting procedure is not affected with the inclusion of the interpolated Reggeized treatment in the u channel. In this work, coupling constants involved in the u channel are fixed at the values in our previous work [21] . The u channel at high beam momentum is determined after the cutoff Λ u is fixed in the fitting of the experimental data. In  Fig. 5 , the numerical results of the total cross section of the u channel with interpolated Reggeized treatment are presented. As expected, it decreases exponentially as the t channel at high beam momentum and is much smaller than those without Reggeized treatment. However, the small contribution of the Reggeized u channel does not mean that its contribution is negligible in the differential cross section. As shown in Fig. 6 , the u channel plays an important role in shaping the differential cross section at backward angles at high beam momentum. The results in the full model are almost the sum of the u-and t-channel contributions, which are not given explicitly in the figures. Most of the f (1285) events are at extreme forward and backward angles, which correspond to the Reggeized t and u channel, respectively. At low beam momentum, the results with interpolated Reggeized treatment sre almost the same as those with the Feynman type.
IV. SUMMARY AND DISCUSSION
In this work, based on the exisitng experimental data, we analyze the π − p → f 1 (1285)n reaction with an interpolating Reggeized approach and try to make a prediction of its total and differential cross sections at a large beam-momentum range from threshold up to several tens of GeV. It is found that a pure Feynman or pure Regge type of t-channel contribution cannot reproduce the exisitng experiment data, though there are only 11 data points against 5 free parameters. The interpolating Reggeized treatment is essential to reproduce the cross sections at both low and high beam momenta.
At low momenta, both total and differential cross sections are dominant with the Feynman-type t channel. At high beam momenta, the Reggeized t-channel contribution is only dominant at extreme forward angles and decays rapidly with the decease of cos θ. The u-channel contributions with and without Reggeized treatment exhibit quite different behaviors at a high beam momentum. Without the Reggeized treatment, the u channel becomes important in a larger range of angles with the increase of the beam momentum, while the t channel plays its role only at a very forward angle at high beam momenta. With the Reggeized treatment, the u channel and t channel provide a sharp increase and a sharp decrease at extreme backward and extreme forward angles, respectively.
The low-and high-momentum pion beams are accessible at the J-PARC and COMPASS. Our result is helpful to the possible experimental research of f 1 (1285) at the two facilities. Based on the results, the measurement at forward angles is supported while a measurement at extreme backward angles is helpful to understand the interaction mechanism of the pion-induced f 1 (1285) production. 
